For a subharmonic function u defined on a cone or on a cylinder which is dominated on the boundary by a certain function, we generalize the classical Phragmen-Lindelδf theorem by making a harmonic majorant of u and show that if u is non-negative in addition, our harmonic majorant is the least harmonic majorant. As an application, we give a result concerning the classical Dirichlet problem on a cone or on a cylinder with an unbounded function defined on the boundary.
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For a subharmonic function u defined on a cone or on a cylinder which is dominated on the boundary by a certain function, we generalize the classical Phragmen-Lindelδf theorem by making a harmonic majorant of u and show that if u is non-negative in addition, our harmonic majorant is the least harmonic majorant. As an application, we give a result concerning the classical Dirichlet problem on a cone or on a cylinder with an unbounded function defined on the boundary. by 5+(r). In our previous paper [12, Theorem 5 .1], we gave a harmonic majorant of a certain subharmonic function u{P) defined on a cone C(Ω) with a domain Ω having smooth boundary, such that (1.1) ΠE u(P)<0
PeC{Q)PQ
for every Q e <9C(Ω) -{0} . It can be regarded as one of the generalizations of the classical Phragmen-Lindelόf theorem. We also showed in [12, Corollary 5.2] that if the function u(P) is non-negative in addition, our harmonic majorant is the least harmonic majorant. In this paper, we shall consider generalizations of these results, by replacing 0 of (1.1) with a general function g(Q) on #C(Ω) -{O} . They were motivated by the following Theorems A, B, C and D, which are special cases of our results (see Remark 5). Nevanlinna [10] are denoted by //φ and ^/φ, respectively, when they exist. The maximum modulus Mφ(r) (0 < r < +oo) of Φ(r, θ) is defined as Af φ (r) = supΦ(r,θ).
θΩ
We denote max{Φ(P),0} and max{-Φ(P), 0} by Φ + (P) and Φ~(P), respectively. This paper is essentially based on some results in Yoshida [11] . Hence, in the subsequent consideration, we make the same assumption on Ω as in it: if m > 3, then Ω is a C 2jCΓ -domain (0 < σ < 1) on S m~ι surrounded by a finite number of mutually disjoint closed hypersurfaces (e.g., see Gilbarg and Trudinger [4, for the definition of C 2 ' σ -domain). Then there exist two positive constants L\ and Li such that
(by modifying Miranda's method [9, pp. 7-8] , we can prove this inequality). are denoted by μ£ and η §, respectively, when they exist. Let GΩ(P, Q) (resp. GD(P , Q)) be the Green function of a cone C(Ω) (resp. a cylinder T{D)) with pole at P € C(Ω) (resp. P € Γ(£>)), and let dG a (P, Q)/dn (resp. dG D {P, Q)/dn) be the differentiation at Q e ΘC(Ω) -{0} (resp. Q e dΓ(D)) along the inwacd normal into C(Ω) (resp. T(D)). It follows from our assumption on Ω (resp. D) that dG Ω {P, Q)/dn (resp. dG D {P, Q)/dn) is continuous on 0C(Ω) -{0} (resp. dΓ(£>)) (see Gilbarg and Trudinger [4, Theorem 6 .15]).
Let g(Q) be a locally integrable function on
where dσ& (resp. doχ) is the surface area element of 5Ω (resp. dD) at θeδΩ (resp. X e dD). If m = 2 and Ω = (7, <5) (resp.
The Poisson integral Pl g (P) (resp. PlJ(P)) of g relative to C(Ω) (resp. Γ(D)) is defined as follows: REMARK 4. If w(P) is a positive harmonic function on C(Ω), then (3.3) is always satisfied. To see it, apply (I) of Lemma 2 (which will be stated in §4) to -u(P). We immediately obtain that -oo < μ_ w , η-u < +oo, so that μ u + = μ u < +oo and η u + = η u < +oo.
The following Theorem 2 generalizes a result of Yoshida [11, Theorem 5]. THEOREM 
Let g(Q) be a continuous function on dC(Ω) -{θj satisfying (2 A) and let u(P) be a subharmonic function on C(Ω) such that
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Hence it follows from Remark 3 that Since on C(Ω), we see from (3.14) and Lemma 3 that
Hence this I(P) shows that (3.8) does not always follow without (3.7). Finally we shall state some results in the cylindrical case. THEOREM 
Let g(Q) be a continuous function on dΓ(D) satisfying (2.5) and let u(P) be a subharmonic function on T(D) such that fim u(P) < g(Q) for any Q e ΘΓ(D). Then all of the limits μ^η^μl and ηζ (0 <
μζ
THEOREM 6. Let g(Q) be a continuous function on dΓ(D) satisfying (2.5). (I) The Poisson integral Pl£(P) is a solution of the classical Dirichlet problem on T(D) with g. (II) Let h(P) be any solution of the classical Dirichlet problem on Γ{D) with g. Then all of the limits μ
COROLLARY 4. Let g(Q) be a continuous function on dΓ(D) satisfying (2.5). If h(P) is a positive harmonic function on T(D) which is the solution of the classical Dirichlet problem on T(D) with g, then
LEMMA 3. Let g(Q) be a locally integr able function on dC(Ω)-{0} satisfying (2 A). Then PI^C^) (resp. Vl g (P)) is a harmonic function on C(Ω) such that both of the limits μ?\ and η?\ (resp. μ?\ and 7/PI ) exist, and μpι ]g] = V?i lgl = 0
(resp. μ Hg = η F ι g = 0). where kβ = /C 4 C~1Γ"^Ω^(Θ) . Hence we see from (2.4) that Fl\ g \(P) and Pl g (P) are finite for any P e C(Ω). Thus PI*(P) and PI|^|(P) are harmonic on C(Ω). Let v^P(E) and u^p(E) (0 < R < +00 ? P e C(Ω)) be two positive measures on dC(Ω) -{0} such that and for every Borel subset E of dC(Ω) -{0}. Then PI^i^) is the sum of two positive harmonic functions: In the same way we can also prove the existence of /PI and Proof of Theorem 1. Consider two subharmonic functions
Proof. Take any P = (r, Θ) € C(Ω) and two numbers R x , R 2 (Rι <\r, R 2 > 2r).
U(P) = u(P) -Pl g (P)
and U*(P) = u
on C(Ω). Then we have from (3.1) and (3.2) that ίϊϊn U{P) < 0 and Πm U*(P) < 0
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for every Q e <9C(Ω) -{0} . Hence it follows from (I) of Lemma 2 that four limits μu, η v , μ^ and ^ (-00 < μ υ , η v , μ υ *, η v * < +00) exist. Since (r) and N v *(r) = tf M+ (r) -Λpi |f| (r), Lemma 3 gives the existence of four limits μ u , ^w, μ u + and ^/ w +, and that
it also follows from Lemma 3 and (3.3) that
ence by applying Lemma 4 to U, we can obtain from (4.10) that
which is (3.4).
Proofs of Theorems 2 and 3, Corollaries 1 and 2.
The following lemma is not obvious for unbounded functions. LEMMA 
Let g(Q) be an upper semicontinuous function on dC(Ω) -{0} satisfying (2.4). Then
Πm
?l g {P) < g{Q) for any QedC(Ω)-{0}>
Proof Let β* = (r*, Θ*) be any point of dC(Ω) -{0} and let e be any positive number. Take a number δ (0 < δ < r*). From (2.4), we can choose a number R* 2 , R 2 > 2(r* + δ) (resp. R\, 0 < i?j < 2(r* -£)) so large (resp. small) that \g(t, it follows that both limits μ^\ and η^\ exist. Suppose that h satisfies (3.15). Then we see from (5.5) and (5.6) that μ h +, P(-hγ ^ ^ anc * '/(-Λ) 4 " "^ +oc Hence, by applying Theorem 2 to u(P) = Λ(P) and -Λ(P) again, we obtain from (3.8) that
respectively, which give (3.16).
Proof of Corollary 2. It follows from Remark 4 that
μ w = μ h+ < +00 and η w = η h+ < +oc.
Thus Theorem 3 implies Corollary 2.
Proof of Theorem 4.
LEMMA 7. i>/ £(β) be a non-negative lower semicontinuous function on dC(Ω) -{0} satisfying (2.4) and let u{P) be a non-negative subharmonic function on C(Ω) such that 
for every Q e 9C(Ω) -{0}, which provides (3.1). Since g and u are non-negative, (3.2) also holds. Thus we obtain Lemma 7 from Theorem 1. on C(Ω).
Then
PI δ (P) < h(P) on C(Ω)
for every harmonic majorant h of u on C(Ω).
Proof. Take any P* = (r*, Θ*) e C(Ω). Let ε be any positive number. In the same way as in the proof of Lemma 5, we can choose two numbers i?i and R 2 (2R\ < r < 2~1R 2 
15]). If h is a harmonic majorant of u on C(Ω), then
Hi°(P*) < h(P*). Thus we obtain from (6.6) that PI a (P*)<h(P*) + ε, which gives the conclusion of Lemma 8.
Proof of Theorem 4. Let P = (r, Θ) be any point of C(Ω) and let ε be any positive number. By the Vitali-Caratheodory theorem (e.g. see [11, p. 56 Hence we have from (6.8) and (6.9) that u(P) < PI fi (P) + ε + (μ u r»* +
Since e was arbitrary, we obtain u(P) < PI fl (P) + (μ u r<*» + for any P = (r, θ) e C(Ω). This shows that h u (P) is a harmonic majorant of u on C(Ω).
To prove that h u is the least harmonic majorant of u on C(Ω), let Λ(P) be any harmonic function on C(Ω) such that (6.10) u(P)<h(P) onC(Ω).
Consider the harmonic function h*{p) = h u (P)-h(P) onC(Ω).
Since h\P)<h u {P) onC(Ω), we see from Lemma 3 that h*(P) satisfies (3.3). We also see from Lemma 8 that ϊΐm h*(P)= ϊίm {PΙβ(P) -h(P)} < 0 for any Q e ΘC(Ω) -{0}. We have from Lemma 3 and (6.10) that and similarly η h * < 0. Thus we obtain from Lemma 4 that h*(P)<0 onC(Ω), which shows that h u (P) is the least harmonic majorant of u(P) on C(Ω). To prove (II), let h\{P) be a harmonic majorant of u(P) on C(Ω). Since from Remark 4, we immediately have (3.17). Fix P 0 = (l, θo), θo € Ω. Take any two numbers R x , i? 2 (0 < i?i < 2" 1 , 2 < i? 2 < +oo) and choose a sufficiently large integer j*, 7* > Max(i?^" 
